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We obtain upper bounds on the singular values of fractional integral operators of 
the form 
L”. = 
s 
‘(x-y)‘-‘.dy 
” rtG0 
under the constraint a > 0. These bounds are employed to extend various results 
obtained over the last half century on the rate of decrease of eigenvalues and 
singular values of much more general integral operators. Apart from one relatively 
difficult theorem of Hardy and Littlewood (Math. 2. 27 (1928), 565-606) the 
devices used are quite simple. They involve no complex variable arguments. 
‘(3 1986 Academic Press, Inc 
1. INTRODUCTION 
In [ 111 Hille and Tamarkin obtained bounds on eigenvalues of frac- 
tional integral operators. Chang [Z] extended these results to singular 
values of ordinary integral operators. (For a simple proof of Chang’s 
Theorem, see [7].) In this paper we close the obvious gap and extend the 
Chang bounds to the singular values of fractional integral operators. Our 
main result is Theorem 4.1. 
Our impetus in [7] actually came from numerical considerations which 
made it desirable to obtain effective bounds on singular values. (For more 
details, see [14].) Although the methods which we shall now employ also 
produce such bounds, that aspect of the analysis is de-emphasized. Our 
results are primarily of theoretical interest. 
The properties of singular values found in [l] depend upon the behavior 
of derivatives of the kernel of the integral operator. Here we must consider 
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fractional derivatives, using basically the same definitions as in [4]. We 
begin by studying the properties of some very special kernels. It is 
necessary to use certain quite deep results on such kernels originally 
obtained by Hardy and Littlewood [lo]. From these properties, it is 
possible to determine the behavior of the singular values of these kernels. 
Once this information is obtained, theorems demonstrated in [7] can be 
judiciously applied and the desired results about more general operators 
can be derived. 
Although our primary interest is in singular values, an application of a 
theorem of Weyl [13] allows us to make statements about eigenvalues. 
These results have been obtained by Hille and Tamarkin [ 111, but only 
with the use of theorems from complex variable theory having to do with 
entire functions. Our work in no way involves complex analysis. 
2. A SPECIAL OPERATOR 
A fairly standard way of defining the fractional integral of a function is 
by (operators will consistently be denoted by boldface) 
where c1> 0 and 0 < x 6 1, provided the integral is meaningful. (We use L” 
instead of I” to obtain eventual agreement with the notation in [7].) It is 
relatively easy to see that if f~ L,, then g = L”f is also a member of L,, 
1 < p < a (see [S]). A much more difficult result has been established by 
Hardy and Littlewood. 
THEOREM 2.1. Zf f E L,, l<p<cc, then L”feLy for q=p/(l-up). 
Further 
Proof. See [lo]. 
IIL”fll, G Cl llf‘ll,. (2.2) 
The constant C, can be expressed explicitly in terms of p and q. We shall 
not write its value down. However, we shall index various computable con- 
stants which arise in our work, thus making it possible for the interested 
reader to calculate explicit bounds as in [7]. Note that if 
1 1 a=--- 
P 2’ 
(2.3) 
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the value of q is 2. Observe, however, that the restriction 1 < p < 2 must be 
imposed to avoid a< 0. We have established an important lemma. 
LEMMA 2.1. If a=l/p-l/2, l<p<2, fcLp, then L”~EL, and 
IIL”fll2 d c2 Ilfll,. 
Next we introduce a kernel suggested by (2.1), 
G(x, ),=I:‘“;;,‘;-’ g(t, y)dt. (2.4) 
Observe that G may be considered as the ath integral of g with respect to 
its first variable. Similarly, g may be viewed as the ath derivative of G with 
respect to x. 
LEMMA 2.2. For some p, 1 < p < 2, suppose 
j 1-f 
’ 4 
0 
; Ig(t, y)lpdt 1’rp%14. 
i 
(2.5) 
Then for a given by (2.3), G(x, y) is in L, on the square [0, l] x [0, 11. 
Further 
/IGI12~C,=C2M’~“‘P’. (2.6) 
Proof: Note that for almost all y, go Lp as a function of t. From 
Lemma 2.1 
g(t, y,dt}2dx]'i2G{j; IAt, yW+"' 
for such y. Hence 
’ G2(x, y)dx}p”z<CJ”j; dy [s,’ Ig(t, y)lpdt]p”p. 
‘+L 1. 
P P’ 
By Holder’s inequality, 
P’l2 VP’ 
> 1 > 
(2.7) 
(2.8) 
(2.9) 
(2.10) 
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748 FABER AND WING 
because p’/2 > 1. Thus (2.8) yields 
5 s ‘dy ’ G*(x, Y) dx 0 0 
<C34*(~-llh’=~;, (2.11) 
which establishes (2.6). 
We now define an integral operator 
G. = I,’ G(x, y) . dy. 
Since G(x, y) E L,, the singular values g,, of G satisfy 
M%4W& 
E,, < 1, E” -+Q 
(2.12) 
(2.13) 
according to Lemma 3.1 of [ 141. Using (2.11) we have 
LEMMA 2.3. 
an(G) d G/&. (2.14) 
Summarizing, we have estimated the singular values of an integral 
operator whose kernel may be regarded as the fractional derivative of a 
function. 
3. SINGULAR VALUES OF THE 
FRACTIONAL INTEGRAL OPERATOR 
We return to (2.1) and recall for c( > 0 
L”. =I 
x(x-y)=--1 
UN) 
. dy. 
0 
(3.1) 
The singular values of L” are of interest. The analysis is rather lengthy. 
LEMMA 3.1. Let K,(x, y) he a sequence of functions integrable with 
respect to x and to 
function and suppose 
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y individually, 0 <x, y < 1. Let K(x, y) he a similar 
that for almost all y 
5 ’ IMx, Y) - U-x, Y)I dx d B,, 0 (3.2) 
lim p,z =O, 
“--tZ 
(3.2a) 
and also that for almost all x 
s 
’ lK(x, Y)-K,h Y)I &G<Y,, 
0 
lim yn = 0. 
“-tX 
Finally, suppose that for each n 
K; =I’ Kn(x, y).dy (3.4) 
0 
(3.3) 
(3.3a) 
is a compact operator on L,. Then 
K. =J‘,1K(x, y).dy (3.5) 
is also a compact operator on L,. Moreover 
I/K - Kll2 G (B,Y,,)“‘. (3.6) 
Remark. Observe that no assumption has been made that K,(x, y) or 
K(x, y) are in L, on the square. The norm in (3.6) is the operator norm. 
ProoJ: For f E L2 define 
&)=j’ CK(x> Y)-K(x> 4’11 f'(y)& (3.7) 
0 
which exists by (3.3). We shall use the converse of Schwarz’s inequality [9] 
to show that g, E L2 and to estimate its norm. Let h be any function in L2 
and consider 
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rs ’ h(x) g,(x) d  G j’j’ 1151(x, v) -K” X, Y)l I@)l If( dx dY 0 0 0 
I 1 d 1, s Kk Y) - KAx, ~11 h2(x) d  dy 00 
112 
X ’ I& Y) - Kdx, y)l f2b) dx 4 
Since h is an arbitrary L, function it follows that g, E L, and 
II gAl2 6 hJLP2 Ilfll2. (3.9) 
Rewriting (3.9) gives 
IIW - KM 2 d hBJ”* IV II 23 (3.10) 
from which (3.6) follows. 
Because (Y~B,,)“~ -+ 0, K is the strong limit of the K,. The K,‘s are com- 
pact and so, then, is K. This completes the proof. 
The compactness of all K,‘s and of K implies they have singular values, 
am(.). 
LEMMA 3.2. 
o,,(K) G bnBn)“* +in. (3.11) 
Proof: We know (see Lemma4.1 of [7]) that 
CJ,+,-,(K)=~,+,-, (K,-K+K,)ba,(K,-K)+o,(K,). (3.12) 
The desired result follows upon taking p = 1 and q = n. 
THEOREM 3.1. 
o,(L”) &, 
n 
o<a<;. 
Proof. Implicit in the theorem is the fact that the operator L” is com- 
pact. We begin by resolving that matter. To do so we need an operator 
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analogous to K, of the preceding lemmas. We select K,(x, y) as L;(x - y), 
where 
and write 
Clearly 
L,“(x - y) < Lyx - y). 
We now consider (see (3.2)) 
(3.15) 
z&{x~-(x+y+~) 
“&)j’-(‘+y+$} 
-1 1 =-+ 
f(cr)n f(cr+ l)rP 
+o 2- 
0 n2 
<c’+,. 
no 
(3.16) 
Obviously, (see (3.3)), 
i 
’ (L”(x-y-L;(x- y)( dx+=&,. 
0 
(3.17) 
Clearly L; is compact on L2 for each n. According to Lemma 3.1, L” is 
compact and 
(3.18) 
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We are now able to estimate the singular values of L” by using (3.12) 
a,(L”) 6 a,(L” - L;) + a,(L:) 
6 llL”-W2+~,W~) 
<c,n-"+a,(Lg. (3.19) 
To get a bound on rr,(L;) we observe that L;(x- y)~ L,, so that the 
estimate (2.13 ) applies. Thus 
a,W,“) d IIL,“IM&. (3.20) 
Now 
6Cg~-~“. (3.21) 
Equations (3.19) and (3.20) yield 
o,(L”) < C,n _a + (&/f(~))(n~1~2’~‘/JG) = C4nda. (3.22) 
This completes the proof of Theorem 3.1. 
Recall that in Theorem 3.1 the requirement 0 < CI < 4 has been imposed. 
This restriction must now be removed. First, we note that (2.1) actually 
makes sense for integrablef, for CI = n = 1, 2,... . In fact L” is just the iterated 
integral operator. Second, it is easily verified that for c(, > 0 and a2 > 0, 
L”1f a* = L”‘L”2. (3.23) 
THEOREM 3.2. For CI > 0, 
(3.24) 
where C, is a computable constant depending upon ct. 
Proof First, suppose 4 < c1< 1. Then 
L” = L”/ZL”/Z. (3.25) 
Because cr/2 < + we may use the results of Theorem 3.1. Moreover, we can 
employ the theorem (see [7]) that if T, and T, are compact operators then 
ii o,V’,T,)G fi ai fi ai( 
j=l ,=l j= I 
(3.26) 
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Thus 
(3.27) 
But by Stirling’s formula, 
n!>@n”e-“. (3.28) 
Also, 
aZ(L”) d fi a,(L”). (3.29) 
j= I 
From (3.27), (3.28), and (3.29) we easily find (3.24). 
The singular values of L’ are known to be exactly [(n + +)rr] ~ ‘. Using 
the above argument coupled with induction it is easy to show that 
a@) 6 $9 k= 1, 2, 3.... 
For cx not an integer we write CI = k + j?, 0 <j? < 1. Then 
L” = Lqy 
(3.30) 
(3.31) 
and another application of (3.26) provides the complete result. 
4. SINGULAR VALUES OF GENERAL INTEGRAL OPERATORS 
We now consider the generalization of Chang’s results. 
LEMMA 4.1. Let Kfx, y) be a kernef such that K(0, y) = 
(~K/dx)(O, y) = . . ’ = (dSK/dxS)(O, y) = 0 .f or almost all y. Suppose that for 
some p, 1 < p < 2, 
ayIqx, y ) x 
axs = 0 j( 
(x-t) (IlJ+(3/Qg(t, +&)) dt, (4.1) 
where g satisfies 
1 
Il(P II Is(t9 y)lPdr &<a, l<p<2. (4.2) 
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Finally, assume 
as - l&c, 4’) 
I 
2 d”K 
aA?’ = rJ at” - (4 Y) fit. (4.3) 
Then 
G,,(K) 6 En ns+o’ E, -+ 0. (4.4) 
Proof: Clearly 
&x, y)= j;dx,, jr dxz.” j; ((n,-t)“l’-“il)g(t, y+‘(E-;)) dt 
=LSG(x, y),' (4.5) 
where G(x, y) is the function of Lemma 2.2. From Lemma 2.3 and 
Eqs. (3.26) and (3.27), we get 
The result follows by employing (3.28) and noting that 
LEMMA 4.2. Suppose that (4.1) is changed to 
a.‘K(x, y) 
axs i 
.r (x- fY-l g(t y)dl 
= o f(a) ' 
(4.7) 
(4.8) 
for some tl, (l/p) - f < c1< 1, with all other hypotheses unchanged. Then 
o,(K)< "' na+s+,-~,,p)‘ (4.9) 
Proof: For simplicity, consider the case s = 0. Write 
K(x,y)=Lag(x,y)=La- ((l/P)-(li2))+((llPl-(1/2))g(x y) , 
=L*-((liP)-(ii2)) L”h-(l/2)g(x, v)j =L’L~((1/P)-(l/2))G(X, J,) 
f 
(4110) 
’ The notation L”G(x, y) implies that L” acts on the first variable of G. All properties of the 
operator L” continue to hold provided G(x., y) is integrable in x. 
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where G(x, y) is as in the previous lemma. Thus, by Lemma 2.3, and the 
fact that tl - (p - 4) > 0, so that Theorem 3.2 applies, we have 
“m4,fija&)) jfJ $2. 
The now customary estimates yield 
a,(K) d En nOL+‘-(‘/P)’ (4.12) 
(4.11) 
The generalization to larger values of s is straightforward. 
The condition in the two lemmas (8jK/&j)(O, y) =O, j=O, l,..., S, must 
be removed. This is easily done. We have our major result. 
THEOREM 4.1. Let ajK(O, y)/axj, j = 0, l,..., s, he in L,. Suppose for some 
positive a, (l/p) - f < c( < 1, 
where for that p, 1 < p < 2, 
1 
Il(P- 1) 
Id& y)lPdt dy< oo. (4.14) 
Finally, assume that 
dt+ as-‘K(o, Y) 
axr-l (4.15) 
Then 
a,(K) < en nz+.7+l-(l/p)’ F, --) 0. 
Proof: We define a new kernel 
&, Y) = K(x, Y) - N(x, Y), 
where 
N(x, y) = ,co; “‘y); y) x/ 
(4.16) 
(4.17) 
756 FABER AND WING 
It is clear that &x, y) satisfies all the conditions of Lemma 4.2. By (3.12) 
C-J .+,-,(K)~a,(R)+~,(N). (4.18) 
Suppose that ajK(O, y)/axj # 0 for only m of the Js. Then N is a separable 
kernel of order at most m. Hence N has at most m nonzero singular values. 
In (4.18) set q=m+ 1, p=n to get 
o,+,(K)~a,(ii)+o,+,(N)=a,(~S:)~ 
&II 
Ha+s+l-(l/p)’ (4.19) 
Because m does not depend on n the result is immediate. 
All of the foregoing results can be generalized readily to other classes of 
kernels, such as those satisfying a Lipschitz condition in x as noted in 
[ll]. The “seed” results for these extensions are generalizations of 
Theorem 2.1, which are found in [lo]. Smithies [12] and Cochran [3] 
have established similar growth extimates for the singular values of kernels 
satisfying various smoothness criterion more general than the Lipschitz 
conditions in [lo], but the relationship between these conditions and our 
conditions is not obvious. 
5. THE HILLE-TAMARKIN RESULT FOR EIGENVALUES 
Let the eigenvalues of K be ordered 
According to a result of Weyl [ 133 
fi 13L,l 6 fi a,(K). 
,=I ,= I 
If (4.19) holds and n > m, 
(5.2) 
The usual manipulations now yield Theorem 5.1. 
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THEOREM 5.1. Zf K satisfies the requirements of Theorem 4.1, then its 
eigenvalues A,, satisfy 
l&J 6 En n”+“+l -(l/p)’ E, + 0. (5.3) 
As noted earlier this was established in [lo] using complex variable 
arguments of considerable depth. 
6. SOME FURTHER REMARKS ON SINGULAR VALUE BEHAVIOR 
In this section we shall make a number of more or less random com- 
ments, including some conjectures concerning the behavior of singular 
values of operators of the kind under consideration. 
The bounds demonstrated together with numerous calculations which 
have been made lead to the conjecture that 
iim [n”+ 'a,(La)]=C(cr). (6.1) n-m 
This has been proved [6, S] when a is a positive integer. We have no idea 
of how to extend this asymptotic result to the case of a’s in the interval 
(0, 1) using any of the ideas of this paper. 
We also conjecture the following. Suppose K, and K, are two con- 
volution operators 
Ki. =j-xK,(x-y)dy, i= 1, 2, (6.2) 
0 
where the K,(u) are smooth functions on 0 < u 6 1 with 
K,(u) 1 
!%lK,o= . (6.3) 
Then 
(6.4) 
This conjecture has been established in the case K,(u) = zPk,(u), i = 1,2, 
k;(O) = 1, and n a positive integer (see [8]). 
Obviously if we were able to prove these conjectures, much could be said 
about the asymptotic behavior of singular values of fractional integral 
operators. 
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We are able to make some further observations about a,(La). For 
convenience, suppose that for some integer k, c( = l/k. Then by (3.26) 
fi a,(L) d { fi Gj(L”))*. (6.5) 
J=l j= I 
Assume that for some function f(j), where f(j) + 0, we have for all j, 
fJ.(L”)<f(j)j-a=f(j)j-“k. 
J ’ 
Then 
Gf ,fi EJ, 
‘J=l 
where cj + 0. 
But (see Sect. 3) 
o,(L) = [7r(j + $)I ~ ‘. 
Thus (6.6) gives 
so that 
1 ---& fi Ei 
(n+ l)! n! i=, 
(6.6) 
(6.7) 
(6.8) 
(6.9) 
or 
(6.10) 
an obvious contradiction. Thus there can exist no such f(j). 
Note that we have not demonstrated that there is a constant c > 0 such 
that 
Oj(L”“) 2 cj- ilk. (6.11) 
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and define 
- s(j) 
Oj=T. 
J 
For j sufficiently large it is easily verified that the gj are decreasing. Further 
lim( j”“Cj) = 1 and li& j’lkZj) = 0. Thus Cj d Zj- ‘lk, but there is no c > 0 
such that Cj > cj- ilk We suspect that aj(L”“) cannot behave like Cj but are . 
unable to prove this. 
It is clear that the restriction of CI to the form l/k can be removed, but 
the problem is not further illuminated. 
We note in particular that 
YF “2, o<y<x 
x<y<l 
(6.14) 
is the classical Abel kernel which arises in many problems, including 
tomography. The analysis just given indicates that the singular values of 
this operator do not go to zero “faster than” n-‘j2. Such a decay rate is 
quite slow and indicates why the Abel integral equation is relatively easy to 
solve numerically. 
To see that the devices used in our analysis are not likely to provide any 
valuable asymptotic results, we recall the vital importance of Eq. (3.26) in 
much of our reasoning. We shall show by example two operators T, and 
T, such that the singular values of T, and T, behave like l/n while those of 
T, T, go to zero faster than l/nS for s as large as we choose. 
We begin by constructing a partitioning2 of the positive integers. Let 
f(x) = Xk, where k is a positive integer. Define a, = nk =f(n), n = 1, 2, 3... 
Let those integers which are not powers of k be arranged into an increasing 
sequence {b,}. Define the permutation P by P(a,) = b,, P(b,) = a,. 
We now construct a symmetric operator ri with eigenfunctions (Pi (com- 
plete in L,) and corresponding eigenvalues (singular values since T, is sym- 
metric) I”, = u, = l/n, 
Next we construct a similar operator T2 with the same eigenfunctions (P” 
but such that the eigenvalue corresponding to (P” is l/P(n). (It should be 
noted that these eigenvalues are not ordered in the usual way, but the set of 
these eigenvalues coincides with the set of /z’s,) 
‘We are indebted to P. Erdiis and Jean Larson for pointing out this partitioning. 
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Now 
T~vn (in T1 T,cp,= T,(T,cp,,)=-=-. 
P(n) an) 
(6.16) 
Moreover, nP(n)= a,P(a,) =anbn if n is in the sequence {a,}, and 
nP(n) = b,P(b,) = bnan if n is in the sequence {b,}. Thus each eigenvalue of 
T, T, is multiple. Finally, note that 
d(n) = unbn 2 nk. (6.17) 
Therefore, the eigenvalues of T, T2 are dominated by l/nk. Recall that k 
was an arbitrary positive integer. Hence we have constructed two operators 
with singular values l/n whose product has singular values which go to 
zero as fast as we choose. 
This indicates that it is very unlikely that out major tool, Eq. (3.26), can 
provide much information about asymptotic behavior. 
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